ckpct.laytunao )

*JAZU %, Journal of Azzaytuna University (JAZU)

|.'| ; JAZU Homepage: https://azzujournal.azu.edu.ly
\“"};,;,;m ) \;'&”/ ISSN (Print):2523-1006, ISSN (Online): 3105-4420 DOI: 10.35778/y0t2ht36

New Approach for Estimating the Two Parameter
Gamma Distribution

Entisar A. Elgmati!” & Nadia B. Gregni®

12Department of Statistics, faculty of Science, University of Tripoli, Tripoli, Libya
e-mail:e.elgmati@uot.edu.ly'

Corresponding Author:(*)
Publishing date :31 March 2026

ABSTRACT: The two-parameter gamma distribution is widely used in statistical applications. Several methods
to estimate its parameters have been proposed in the literature. Some of these methods do not have closed forms
while others do. In this paper a closed formula is presented and compared with method of moments, maximum
likelihood method and some other methods through simulation study. The results showed that the proposed
method efficiently estimated the parameters and performed better.
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I. INTRODUCTION

The Gamma distribution is an important distribution which is widely used in many fields such as
environmental science, finance, survival analysis, lifetime data and reliability. Hence, it 1s very
important to estimate the parameters efficiently. Several methods of estimating the two parameters
have been proposed in the literature. The well-known methods are Maximum likelihood (ML) and
method of moments (MM). The former method, unfortunately had no closed form expression while
the latter despite of having a closed-forms they are not efficient under either small samples or large
samples. Various studies have proposed different methods to estimate the parameters. Dang and
Weerakkody (2000) derive bounds for the MLE of the shape parameter to develop a new algorithm
to estimate it. Hwang and Huang (2001) proposed more convenient moment estimators by using
the characterization of gamma distribution and shown to be more efficient than MLE and MM for
small samples. While Pradhan and Kundu (2011) considered Bayes estimates based on the
assumption that the scale parameter has a gamma prior and the shape parameter has any log-
concave prior, and they are independently distributed. Ye & Chen (2016) obtained a closed form
to estimate the parameters based on the idea that gamma distribution as a special case of generalized
gamma distribution, which is denoted as MLEcf in the paper. On the other hand, Khamkong (2018)
proposed an alternative closed form estimator based on transforming gamma distribution to a
normal distribution (MLEc). Ke, Wang, Zhou and Ye (2023) proposed new approaches to
parameter estimation using mean squared error representative points (MSE-RPs). Junmei and Liqin
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(2024) presents an easy computation of the MLEs by modifying the MLE of the shape parameter
to be more efficient than the existing estimators.

In this paper we propose a new approach to estimate the parameters of gamma distribution. Also a
comparison between the new approach and some previous methods will be presented through
simulation study.

The new approach

The gamma distribution denoted as Ga(a, f),1s a two-parameter distribution with probability

density function (pdf).

f(x)=mxaleﬁx, x>0, a,f>0

Where « is the shape parameter, S is the scale parameter and I'(.) is the gamma function. The
maximum likelihood function is given by

(1 )
L= H(r(a)X" Je

and the derivative of its logarithm is

ol L(x) __ohI(a)
— nh g n———= +;1n)(,. (1)

by differentiating the above equation and equating to zero the estimate of « will be derived. To do
onT(x)
da

so we need to find

Since for a fixed integer «, as the integer n increases, we have that (by Euler's definition as an
infinite product )

fim n!(n+1)* _

o (n+a)!
It can be shown that
INa)=(a-1!

1 lim n'a! (n+1)”*

a > (h+a)!
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1 im (1.23....n) a! (n+1)“
a —>a! (a+])(a+2)....n+a)

Therefore
1 £ 1 1Y
[Na)=— 1+—
=g ﬂ( “)( 3
I+
k
And
(@) =-ha-} ln(l+gj+a2h1 [1+lj
k=1 k k=1 k
Thus
oml(e) _ 1 5 1 +3n (“lj
oo a ‘Tk+ta I k
:—i ! +i1n (1+lj 2)
wk+ta 5 k

Now by substitute (2) in (1)

M:—n]nﬂ—n{—i 1 +ih1 (l+%j}+i]n)(i

oa k+a ‘o

Oln L(x)
oa

and let =0, so

i ! A:ln,é+ih1 (Hij_lim}(i

niq

Since it is known that ,3 =
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n

2

= k+a

+hé=hX +> I (1+B——Zlnxi 3)
k=1

Now to find the estimate of ¢« , regression equation estimates will be used.
Case 1:

Let y= Zn: !
k=0

g +In & be the response variable in (3), thus the estimated equation will be
< k+a

»=0.0803 Alz +0.4939 lA +8.0099
a a

with p-value =0.000 and R* =100%

! +0.4939 !

Therefore 0.0803 8.0099- I X —> In (1 + i} 12111 X, =0
k=1 n

i=1

—+
a? &

Which can be written as

0.0803 @7 +0.4939 4" +c=0

Hence

P 0.4939 + \/(0.4939 )> —4%0.0803 *c

- 2(0.0803)

Where

c=8.0099-InX -> In [1+lj+121n X,

k=1 k nig
Case 2
: S| R 1 : . :

In equation (3) Let y= Z —+ha —Zln 1+— | then the estimated regression equation

k=0 k + a k=1 k

will be given by y =0.5577 &>’ with p-value=0.000 and R* =99.92% . Therefore

1
— 1Y "o
In X —121@@
U=

0.5577

o=
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Simulation study

This simulation study has been conducted to investigate the performance of the proposed method
in estimating the gamma parameters. Samples of size n= 10, 50, 100 and 200 were simulated from
the gamma distribution 1000 times with different parameters values («, £ )={(0.5,1),(1,1),(2,1)}.

Table (1) shows the estimates of the parameters along with its mean square errors for MM, MLE,
MLEc, MLEcf methods and the proposed method. Also the sample root mean square error, RMSE,
(Khamkong, 2018) was used for the comparison between all methods. As one can notice that the
proposed method (casel) performed efficiently with smaller RMSE compared with other methods
for different sample sizes. While case 2 performed better than MM and MLEcf. Generally, the
RMSE decreased as the sample size increases for all methods. In addition as f increases the

RMSE of case 1 method get closer to MLE.

Table 1: The estimates and the MSE’s of the two parameter Gamma distribution for different
sample sizes and different values of the parameters, along with RMSE for the method comparisons.

=05 f=1  RMSE a=l  f=1 RMSE a=2  f=1 RMSE

MM ©dase) ©4s08) 0832 (0axs) (03398 1096 (3eosz (02002 167E1

MLEGE (g:ﬁg} (31}13313} Lol (:J:?’rﬁg} (g:ggg;} e é:ggg:} (3231% 1.6664

o " GlED @m0 % o oz O | garn gz '
MLE  01409) (03235) 0%81°  (07234) (02476) 0%%°*  (25653) (02035 16640

Casel (g:?ig?} (g:ggg?} 0.6582 (:J:?’rggg} .:3233?3} 0.9900 é;;ﬁ;} .:3133?3} 1.7287

Case2 (g:?ggg} (?J:E:gg} 0.r627 (?J:%%g} [g:gﬁﬁ?} 1.0328 é:ggg} (gzg?gé} LT
QB8 % o | A 09 ol 1198 or

MLEC (g:g:ﬁg} (:J:;g'g;} et L (:J:g%g} .;Eigﬁg} el .;52:1?33} (g:gﬁg} e
WS aoi Gio 1 [ g a0 | g ao O
MLE 002000 (01097 03991 (00sos) (00s03) O4M* (03815 (oor3zy 0674

Casel (00200 (100m) 03474 (30798 (0orss) 02980 (G3950) (oraz) 06849

EEE (g:g%;‘} (:J:?ggg} Bk (:J:ggj,g} (323333} i (ﬁg;g} (g:gﬁi} AL

JAZU: No.57, March 2026, pp. 42-48 DOI: 10.35778/y0t2ht36 46


https://doi.org/10.35778/y0t2ht36

Development of Smart Helmet System with GSM And IoT for Hazardous Gas Detection

a=05  B=1 RMmsE a=1  B=1 RMSE a=2  fA=1 RMSE

MM omas oase C42 oosaz posre O4%° (oasen) osozy 0%

WES goms o1z OB poss) oses) %P (0ha1z possy O

wo M5 pome smm 2% [luoay aow R Horwh oy O
M poose ooere PP ostm oosiey PP jpases) posery 04T

Cesel nover poen 2 osn osos) % (oiarsy posasy OO

Cose? oooo vy %% osen wosie) O (oz0ns (posss OO

MM [g:g?;;} [g:gggg} 03038 [En:g;?:} [g:gig:} 0.2830 [3?222} [g:ggg:} 0.3884

biLEe [323353} [éiggi;} 0.3028 [g:g:ﬁ} [t&g;gg} Lot [ﬁjgiﬁﬂ} [gzgggg} 0.3208

o O CEE o JEE o G SRS ou
ME  ooon mosmn O oisn pozm O oves) pazzay O3

Case [g:ggii} [g:gggg} 0.1270 [E:-:gfgl} [g:gggf} 0.1937 [ﬁjggfi} [gzgggg} 0.3228

Cose2 nose 05Ty O poira woerm °2'1 oo mozn M7

MM [Eﬁ;?;} [gﬁggg} 0.2138 [éﬁgggﬁ.} [gﬁggig} 0.2113 [gﬁgi‘gg} [3133;'1;. 0.2788

MES (0oony ooz 2 aoss poire 1% oose otz 0224

o MR 0om oirs P ome) povam M (oosme) pory 0%
ME oo orrh O ooy povze M nosn pov 022

Cssel nooen oo O oo 00wz ' (ooams ot 0

s QU U oo D IS g 0 0T

Conclusion

The Gamma distribution is an important distribution which is widely used in many fields. Hence,
estimating its parameters is an important issue. There are several methods to estimate these
parameters in the literature. In this work we proposed an alternative method (case 1 and case 2) to
estimate the two parameter gamma distribution. One can observe that the proposed method (case
1) performed better than the other methods presented in Table 1. While case 2 performed better
than MM and MLEcf methods and being closed to the rest.
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